We investigate Bose-Hubbard chains in a central depleted well configuration, with dephasing in the middle well. We look at equilibration of populations, pseudo-entropy, and entanglement measures. Using stochastic integration in the truncated Wigner representation, we find that the initial quantum states of the occupied wells has an influence on the subsequent dynamics, and that with more than three wells, the chains do not reach a full equilibrium, with edge effects becoming important, and the time to reach the steady state becoming longer. The evolutions with and without phase diffusion are qualitatively different. We find no convincing evidence of entanglement in the final states with phase diffusion. Although at least one accepted measure indicates the presence of mode entanglement, we are easily able to show that it can give ambiguous predictions.
I. INTRODUCTION
There have recently been many experimental advances with regard to the manipulation of ultra-cold bosons in optical traps. Examples include "potential painting", which allows for the dynamical fabrication of almost arbitrary potentials [1, 2] , and the use of either an electron beam [3] or optical methods [4] to empty chosen wells of an optical lattice system. Combined with the well-known techniques of scattering length change via Feshbach resonance [5] , such methods allow fine-tuned, dynamical control over nearly all the experimental parameters of an optical lattice system.The experimental example that inspires this work is that of Labouvie et al. [3] , who used an electron beam to remove a proportion of the atoms from a given well and measured the filling rate from the neighbouring wells as a function of chemical potential difference.
Here, we examine the dynamics of Bose-Hubbard [6, 7] chains in which the middle well is initially empty, so that the initial difference in chemical potential is fixed. A similar system with three wells, but without collisional dephasing has previously been analysed by Penna [8] , in what he named the central depleted well regime. Aspects of a similar system have also been analysed by Kordas et al. [9] , who found that phase diffusion could enhance tunneling and damp coherent oscillations in the tunneling. Kordas and others have also analysed the influence of atomic losses on a Bose-Hubbard system, outlining various useful theoretical approaches [10] . The existence of negative differential conductivity and the influence of initial quantum states in a three-well chain has also been theoretically analysed by Olsen and Corney [11] .
We proceed via the numerical simulation of the quantum dynamics of Bose-Hubbard chains using stochastic equations derived in the truncated Wigner representation [12, 13] .
Our simulations quantify the contributions of dephasing, chain length, and initial quantum states to the dynamics of the systems. We find that the inclusion of dephasing in the middle well qualitatively alters the steady-state of the chains, in terms of both the number distributions and the quantum statistics. We also find that the initial quantum states of the occupied wells can have a large effect on both the dynamics and the final states, demonstrating that the preparation of an experimental system can have a drastic effect on the subsequent dynamics.
II. PHYSICAL MODEL AND EQUATIONS OF MOTION
The systems we investigate are relatively simple, being Bose-Hubbard chains in a linear configuration which is symmetric about an initially empty middle well. Each of the wells can contain a single atomic mode, which we will treat as being in the lowest energy level, and atoms can tunnel into the nearest-neighbour potential. As in the Labouvie paper, we include a phenomenological dephasing term in the middle well [3, 11] , which mimics the effects of scattering between different radial modes in the initially depleted well.
Following the approach taken by Milburn et al. [14] , while generalizing this to three and more wells [15] [16] [17] [18] [19] , we can write the Hamiltonian for an n-well chain as
whereâ j andâ † j are the bosonic annihilation and creation operators for atoms in the mode of the nth well, J is the tunnel coupling between the wells, and χ is the collisional nonlinearity due to s-wave scattering. The dephasing in the middle well is represented by the Liouvillian superoperator acting on the reduced density matrix for the central well,
withâ m being the annihilation operator for atoms in the middle well, m = (n + 1)/2 and Γ is the dephasing rate.
For the numerical investigation of many-body interacting quantum systems that are too large for master equation methods, the preferred option is the positive-P representation [20] , which is in principal exact, but becomes unstable after very short times for this and many other nonlinear systems. We therefore chose to employ stochastic integration in the truncated Wigner representation [12] , which enables us to capture the majority of the quantum features of the system and also has the huge operational advantage of remaining stable over relatively long integration times [21] . One real advantage of this method is that we can easily add more wells with only a linear increase in computational complexity, which allows us to easily model eleven wells with a total of 2000 atoms. We are also able to model different initial quantum states [22] [23] [24] , using the methods described in Olsen and Bradley [25] .
Following the standard methods [26] [27] [28] This procedure has been shown to give accurate results for many systems [31] , but is known to fail to predict revivals in the quadratures of the anharmonic oscillator, as well as giving incorrect results for two-time correlation functions [32] . For the parameters of our investigation here, we are fully confident that the truncated Wigner procedure will give accurate results.
As an illustrative example, the truncated Wigner equations of motion for our three-well system in the Stratonovich form [26] are
where η is a Gaussian noise term with the moments η(t) = 0 and η(t)η(t ′ ) = δ(t − t ′ ). The equations for greater numbers of wells are the obvious extensions of these. The advantage of Stratonovich calculus is that we can use higher order algorithms than is possible with the Itô form of the equations. In this work, we have used the RK4 algorithm (fourth-order Runge-Kutta) with the XMDS equation solver [33, 34] . The α j are the Wigner variables corresponding to theâ j , in the sense that the average of products of the Wigner variables become equal to the expectation values of symmetrically ordered operator products in the limit of a large number of stochastic trajectories.
III. QUANTUM CORRELATIONS
As well as the populations in each well, in the present system we are interested in the possibility of entanglement between the atomic modes at each site. This is not the same as entanglement between individual atoms. While this seems obvious because the atoms are indistinguishable bosons and only the spatially separated modes can be distinguished, we state it here to avoid any possible confusion. In particular, we wish to investigate entanglement between the two wells each side of the middle well.
We will use two different correlation functions for this. From the Hillery-Zubairy inequality [35] we define a correlation function
with a positive result for this function indicating mode entanglement. However, for the systems under investigation we found no positive values of ξ ij . However, Dalton et al. [36] have since shown that, for states obeying super-selection rules, the first term on the righthand side of Eq. 4 being greater than zero can indicate entanglement, which is a less stringent requirement. We will also therefore define the two-mode coherence function, a positive value of which may indicate entanglement,
We will show below that care needs to be taken with the use of this function.
Another quantity of interest is the atomic current into the middle well, defined as
which is simple to calculate in the truncated WIgner representation.
The last quantity we define here is a pseudo-entropy of the system [17, 37] , calculated from the reduced single-particle density matrix. The latter is defined for three wells as
with the extension to higher numbers of wells, R n , being obvious. The advantage of this reduced density matrix is that all the quantities needed are simple to calculate in the truncated Wigner representation, with the computational expense being largely independent of the number of atoms, and linearly dependent on the number of wells. The pseudo-entropy is then defined in the standard von Neumann manner as
where log x is the natural logarithm of x. Analytical values for ζ n can be calculated in some limiting cases, such as systems of Fock or coherent states, and also for equal populations with no intermode coherences. These limiting cases are useful for the calculation of maximum values to which the system should relax if all coherences disappear and the populations are equal, where ζ n = log n, and show how close to the expected equilibrium state the system will approach. As a final note, we mention that all the quantities needed for the correlations above can in principle be measured, either by density (number) measurements or via atomic homodyning [38] .
IV. RESULTS
For all our simulations, we set J = 1 and χ = 0.01, with the middle well initially empty and all others containing an average of 200 atoms. As well as considering a dephasing parameter of Γ = 0 or 1.5, we have considered initial Fock states and coherent states in the initially occupied wells. A Fock state of fixed number is the natural state for atoms in an isolated well, while coherent states are more natural in the superfluid regime. The new developments in the manipulation of potentials make both these initial states possible. Fock states could be obtained in isolated wells which were then moved into proximity so that tunnelling could begin. Coherent states would be more natural if an optical lattice were imposed on an already condensed Bose gas, in which case the central well could be depleted using the electron beam technique [3] . We have limited the number of wells investigated to a maximum of 11 because the observables in the middle well do not depend noticeably on the total number once the chains approach this length. The numerical solutions were averaged over at least 10 6 stochastic realisations of the truncated Wigner equations and sampling errors are less than the line widths.
A. Three wells
This is analogous to the system investigated by Olsen and Corney [11] with respect to negative differential conductivity, albeit with larger numbers of atoms in the two end wells.
Firstly we investigated the effects of dephasing and initial quantum states on the evolution of the population in the middle well, with the results shown in Fig. 1 . We immediately see that the evolution without dephasing is markedly dependent on the initial quantum states. This is to be expected since the tunneling operator is a function of coherences between the modes. We also see that the populations approach different stationary values. Once the dephasing is included, tunnelling for both states is slowed, with fewer oscillations in the populations, and steady-state values with the atoms distributed evenly between the three wells are reached. The dynamics of the current into the middle well are shown in Fig. 2 , from which we see that initial coherent states cause larger amplitude oscillations than initial Fock states, and that tunnelling is damped for both initial states by the inclusion of dephasing, with the steady-state tunnelling going to zero for all initial conditions, whether dephasing is included or not.
We also investigated the ξ ij correlations of Eq. 4, but found no positive values for the parameters used. However, this correlation is sufficient but not necessary to denote entanglement between modes i and j, and as shown by Dalton et al. [36] , a positive value of the σ ij correlation of Eq. 5 can also indicate entanglement between the relevant modes. As seen in Fig. 3 and Fig. 4 , we found positive steady-state values for both σ 12 and σ 13 without dephasing, for both Fock and coherent initial states. σ 12 detects entanglement between the first well and the middle well in this case, while σ 13 detects entanglement between the two wells each side of the middle, initially depleted well. We note here that, due to the symmetry of the system, σ 12 = σ 23 . In the cases below, with a greater number of wells, we will always investigate the coherence between the middle well and the one to its left, as well as between the two adjacent to the middle. The inclusion of Γ = 1.5 in our equations destroyed the steady-state coherences and hence the entanglement in both cases, which is to be expected since this dephasing destroys the off-diagonal elements of the system density matrix without changing the number distribution [27] . The results shown here for σ 13 show that this correlation can be misleading. Similarly to the generalised purity [39] , a naive examination of the results indicates that wells 1 and 3 with initial coherent states are entangled at t = 0, despite never having interacted. This is contrary to the spirit of entanglement as defined by Schrödinger [40] , who said "When two systems, of which we know the states by their respective representatives, enter into temporary physical interaction due to known forces between them, and when after a time of mutual influence the systems separate again, then they can no longer be described in the same way as before, viz. by endowing each of them with a representative of its own. I would not call that one but rather the characteristic trait of quantum mechanics, the one that enforces its entire departure from classical lines of thought. By the interaction the two representatives [the quantum states] have become entangled". We note that, for initial Fock states, this measure begins at zero, as it must to be a true entanglement measure. In view of the demonstrated unreliability of this measure, we will examine the pseudo-entropy of Eq. 8 as an entanglement measure, in Section V. Once we examine chains longer than three wells, we find that the populations do not equilibrate over the whole chain for longer times except for Γ = 0 and initial Fock states, with the end wells having less steady-state populations than those in the interior of the chain. This is shown for initial Fock states in Fig. 5 , where the steady-state population of the first well is less than that of wells 2 and 3. This was also found to be a feature of longer chains, with the end wells obviously existing in a different environment to those in the interior of the chain. We expect that this would not occur for a ring of Bose-Hubbard wells, where all would exist in the same dynamical environment. Because the dynamics, particularly those of the middle well, did not change appreciably for the addition of more than two wells each side of the centre, we will not present results for higher numbers of wells graphically. The pseudo-entropy, which did change, is addressed in Section V.
For n ≥ 5, we also did not find any evidence of entanglement using the Hillery-Zubairy criteria. On the other hand, as shown in Fig. 6 , the coherence correlation σ 23 increases from zero at the beginning of the evolution to settle to a steady-state value. Without dephasing, the steady-state values are greater than zero. With dephasing, σ 23 decays to zero after some initial oscillatory behaviour. Once again, this shows that dephasing destroys coherence and entanglement. We note again that the results for σ 24 and initial coherent states also emphasised the care that must be taken with this measure if it is to be used as an indicator of entanglement, since positive values were again found for t = 0.
V. PSEUDO-ENTROPY
For purposes of easy comparison, we present the results for the pseudo-entropies jointly, in this section, for chains ranging from 3 to 11 wells. We begin with the pseudo-entropy of the whole chain, as defined by Eq. 8, calculating this for five different chain lengths, and for initial Fock and coherent states, with Γ = 0 and Γ = 1.5. The first thing we observe from the figures is that, without phase diffusion, none of the configurations reach the expected value, log n, of the entropy for a totally equilibrated chain, where the density matrix would be diagonal. As shown in Fig. 7 , for initial Fock states the results are all below log n. With initial coherent states, as shown in Fig. 8 , this behaviour is even more obvious. We see that only the three-well chain approaches full equilibrium without phase diffusion, whereas the longer chains all converge on a similar value, well below their respective maxima. This demonstrates that making the chain longer than five wells does not change the equilibrium state without phase diffusion.
However, when we include a finite Γ, all the chains considered relax to close to their equilibrium values, as shown in Fig. 9 and Fig. 10 , although longer chains take more time to reach this state. These maximum pseudo-entropy results seem to indicate that there is no entanglement present between the wells once phase diffusion is included, which would be inconsistent with the results found above for the σ ij . However, we have already found that this measure can be unreliable.
The behaviour of ζ n can be understood more fully when we consider the reduced singleparticle density matrices at the final evolution time. In full equilibrium, all off-diagonal elements will have decayed to zero, and the diagonal elements will be equal. Considering 
whereas with Γ = 1.5, we find 
We can see directly from this how the dephasing has acted to destroy the off-diagonal coherences. In the case of initial Fock states with Γ = 0, we find 
which again shows that, in the competition between build up of coherence via tunneling and destruction of coherence via dephasing, the dephasing is having more of an effect and the chain has relaxed to something close to its equilibrium state.
It is also useful here to define a reduced density matrix for the middle three wells of an n-well chain,R where j = (n − 1)/2, and hence a reduced three-well pseudo-entropy,
This value gives the reduced pseudo-entropy of the middle three-well subsystem, and it is also simple to calculate the maximum equilibrium values, when populations are equilibrated along the chain and all coherences have disappeared. In Fig. 11 we show the reduced subsystem pseudo-entropies for the different chain lengths, with initial Fock states and Γ = 1.5. What we see is that, once we have more than one well either side of the middle, the subsystem entropy becomes higher than we would expect from an equilibrium situation. This was not the case for the total entropy.
However, remembering that with more than three wells, the end wells have lower occupations than the middle ones at the end of our evolution times, it is instructive to look at the actual occupations of the three middle wells and calculate the reduced pseudo-entropies for the situation with these actual populations and all off-diagonal elements being zero. As an illustrative example, we have done this for n = 7. Beginning with initial Fock states with χ = 10 −2 , we find a value of ζ the horizontal dotted line in Fig. 11 . However, the actual long-time populations found by stochastic integration are not all equal. We found N 3 = N 5 = 178 and N 4 = 189. If the populations were all equal, we would expect N j = 171 ∀j. With no off-diagonal elements in the density matrix, these populations give a value of ζ (r) 7 = 0.86, which is close to that shown in Fig. 11 . A similar check for initial coherent states gives N 3 = N 5 = 179 and N 4 = 189. The reduced pseudo-entropy calculated with these numbers also closely matched that actually found. We therefore conclude that the increased values of the pseudo-entropy for the three middle wells as compared to that of a full equilibrium situation are due to the increased populations in the central wells. As soon as we have more than three wells, this begins to happen, and is a finite size effect due to the different dynamics of the end wells.
It is not evidence of entropy of entanglement.
VI. CONCLUSIONS
We have investigated the influence of phase diffusion on different size Bose-Hubbard chains with the middle well initially empty. We have considered the influence on population equilibration, on mode entanglement and on the current into the middle well. We have found that, except in the simplest three-well case, the populations do not equilibrate, with the wells close to the middle holding higher numbers of atoms in the steady-state than those nearer the ends. We have found no conclusive evidence of mode entanglement, with the Hillery-Zubairy criterion obtaining no positive values. The simpler criterion based on the coherence function has been shown to give unreliable results. The reduced entanglement of the middle three wells being higher than the equilibrium values is explained by the population imbalance in the middle wells, and cannot be read as entropy of entanglement.
We have shown that the presence of phase diffusion affects the atomic currents into the middle well, although this does not change qualitatively once we have more than five wells in the chain. This effect is the same as that previously discovered in investigations of negative differential conductivity. The phase diffusion, as expected, acts to destroy coherences between the modes.
We have found that the two parameters which affect the dynamics most markedly are the initial quantum states and the rate of phase diffusion. The initial quantum states can be controlled experimentally by the preparation of an experiment, while the phase diffusion rate could in principle be changed by the depth of the middle well. The most surprising discovery is perhaps how small a chain can be before finite size effects from the ends stop having a noticeable effect on the dynamics of the central three wells. What we cannot claim here is that this conclusion is general, as it may depend in parameters such as the collisional nonlinearity and the initial numbers of atoms.
